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Flood stage on the Chané river, Santa Cruz department, Bolivia (January 1990).
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ABSTRACT. In this paper we focus on the role of the Courant number in computational hydraulics,
particularly in the modeling of the pure convection problem. We throw a renewed light onto the
properties of stability and convergence of a class of popular explicit linear numerical schemes of
the pure convection equation. Both conditional and unconditional stability are shown to be possible
with explicit schemes. In addition, the existence of numerical diffusion, ostensibly due to the first-
order errors of the numerical scheme, is shown to affect the computation, rendering the solution
grid-dependent and distinctively diffusive for all cases other than Courant number C = 1.

1. INTRODUCTION

The Courant number is a fundamental concept in the field of Computational Fluid Dynamics (CFD) and, by
extension, in Computational Hydraulics. The number effectively connects the physical and numerical
properties of a computational scheme, with specific application to the convection problem, in other words, the
well-known advection of fluid mechanics. The Courant number is defined as the ratio of a physical velocity u to
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the grid velocity Ax /At. In practice, the Courant number is commonly expressed in the following form:
C = u At/Ax (Ponce, 2014).

The name Courant recognizes the life work of Richard Courant, a renowned German-American mathematician
and early contributor to the field of applied mathematics. The concept of Courant number is rooted in the
pioneering Courant-Friedrichs-Lewy condition, which is widely referred to as the CFL condition
(Courant et al., 1928).

In this article, we endeavor to perform a contemporary analysis of the Courant number, throwing renewed light
onto its behavior. We focus specifically on the numerical solution of the convection problem, unveiling
properties that may have been hitherto hidden in conventional applications of computational fluid dynamics
and hydraulics.

2. THE CONVECTION PROBLEM AND THE FOUR-POINT GENERAL SCHEME

In order to set the stage for the analysis that will follow, we begin by conceptualizing the convection problem of
fluid mechanics. A physical quantity ¢ will move, in space x and time {, with a certain convective velocity u
following a first-order partial differential equation of the following form (Ponce et al., 1979):

14 .14
+ u
dat ox

=0 (1)

This equation may be solved numerically in various ways. A conveniently general explicit linear
finite difference formulation is the following four-point scheme (Fig. 1):
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Fig. 1 Discretization of the convection equation (Eq. 1) following Eq. 2.

In Equation 2, solving for the unknown value ¢ 1 n+1 |eads to the following routing equation:

Cpt™T=C1 g+ Co ™1+ C3 Cjut” 3)

The routing coefficients are defined as follows:

(X+CY)
Cr = (4)
(1+0)-(X+CY

C-(X+CY
Co= (5)
1+0C)-(X+CY

1-(X+CY)
Cs3= (6)
1+0C-(X+CY

in which C is the Courant number defined as follows:
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(7)

For a given Courant number, with the weighting factors X and Y having been established beforehand, and
using Egs. 2 to 7, the computation proceeds to calculate the values of ¢ for each and every one of the
specified grid points in the computational domain.

Equation 3, with its supporting equations 4-7, constitutes a family of numerical schemes of the convection
equation, Eq. 1. Their stability and convergence properties depend on the values of X, Y, and C. The first two,
referred to as weighting factors, and C, the Courant number, uniquely characterize the chosen scheme.
Ostensibly, the Courant number is the ratio of the convective velocity u to the grid ratio or "grid velocity"
Ax /At

3. NUMERICAL DIFFUSION AND DISPERSION

Equation 1 describes convection, a first-order process; therefore, diffusivity, a second-order process, and
dispersivity, a third-order process, are not accounted for (Ponce, 2023). However, Eq. 2, a numerical solution
of Eqg. 1 will typically show a diffusive and/or a dispersive behavior due to the finite grid size. This is attributed
to numerical diffusion (the error of the first-order term of the scheme) and numerical dispersion (the error of
the second-order term).

A measure of the amount of numerical diffusion and dispersion may be obtained from the approximation error
of the finite difference scheme, Eq. 2. This error may be obtained by expanding the grid function {(jAx, nAf) in
Taylor series about point (jJAx, nAt), leading to (Cunge, 1969; Ponce et al., 1979):

1 1 27
R=ubMx[(—-X)+C(—-Y)]——
2 2 X2
(8)
1 1 3
+UAC{(1-C)[— (X+CY)- 1+C)1} + o(AX3)
2 3 ax3

in which R = the approximation error. From Eq. 8, we note that for X = Y = 1/2, the scheme is of second-order
accuracy. i.e., R = o(Ax?). Furthermore, for C = 1, the accuracy is of third order; that is, the numerical
dispersion vanishes. In point of fact, for X = Y = 1/2 and C = 1, the exact solution of the convection equation
(Eq. 1) is obtained.

In Equation 8, the coefficient of the second-order term 92 /dx? is referred to as the numerical diffusion
coefficient and defined as follows:
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Positive values of u, cause the scheme to diffuse numerically; negative values to amplify numerically. While in

the former convergence is impaired, in the latter stability suffers. Both stability and convergence improve as
Up — 0. Table 1 summarizes the stability and convergence properties of three common first-order schemes.

Table 1. Numerical properties of three common first-order explicit linear schemes (Eq. 2)
of the pure convection equation (Eq. 1).
Courant
stability Convergence
Scheme description X Y Hn condition (tp— 0)
(1 )] 3 @ (5) (6)
|. Forward-in-time,
backward-in-space 0 1 (172) uAx (1-C) C=1 CcC—1
Il. Forward-in-space, 1 0 (1/2) u Ax (C- 1) C=1
backward-in-time, = CcC—1
IIl. Backward-in-time,
backward-in-space 0 0 (172) uAx (1 +C) AllC No C

I. Forward-in-time, backward-in-space scheme features.
= The forward-in-time, backward-in-space scheme is centered around node ¢ 1 ™ in Fig. 1.

= The temporal derivative is taken on the right side of the square box and the spatial derivative along the
bottom.

= The numerical diffusion coefficient is: u, = (1/2) u Ax (1 - C).

= The scheme is stable for C < 1 and unstable for C> 1.

= The scheme converges to the analytical solution (of the convection equation Eq. 1) as C — 1 (from the
left).

= The more refined the grid size (as Ax -» 0), the faster is the rate of convergence.

= The scheme is conditionally stable, becoming unstable for C> 1.

Il. Forward-in-space, backward-in-time scheme features.
= The forward-in-space, backward-in-time numerical scheme is centered around node ¢ n+1 in Fig. 1.

= The temporal derivative is taken on the left side of the square box and the spatial derivative along the
top.

= The numerical diffusion coefficientis: u, = (1/2) u Ax (C - 1).

= The scheme is stable for C = 1 and unstable for C< 1.
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= The scheme converges to the analytical solution (of the convection equation Eq. 1) as C — 1 (from the
right).

= The more refined the grid size (Ax » 0), the faster is the rate of convergence.

= The scheme is conditionally stable, becoming unstable for C< 1.

lll. Backward-in-space, backward-in-time scheme features.
* The backward-in-space, backward-in-time scheme scheme is centered around node ¢ ;1 n+1in Fig. 1.

e The temporal derivative is taken on the right side of the square box and the spatial derivative along the
top.

¢ The numerical diffusion coefficient is: up = (1/2) u Ax (1 + C).
¢ The scheme is unconditionally stable, i.e., stable for any value of C.

* However, this scheme does not converge to the analytical solution of the convection problem for any
value of C, even as Ax — 0.

The present analysis enables the following conclusions:

1. Explicit schemes of the pure convection equation (Eq. 1), such as Eq. 2, may be either conditionally or
unconditionally stable, depending on the way the scheme is formulated. Thus, the statement that all
explicit schemes are subject to a stability condition is not correct.

2. Per force, since the grid size is always finite, explicit schemes such as that of Eqg. 2 actually introduce
varying amounts of numerical diffusion. Only for Courant number C = 1 the numerical diffusion vanishes;
therefore, in this case the numerical solution of the scheme embodied by Eq. 2 is the true solution of
the convection equation (Eq. 1).

3. In all other cases, i.e., specifically for C < 1 in the forward-in-time backward-in-space scheme, or C > 1
in the backward-in-time forward-in-space scheme, the numerical solution turns out to be effectively a
diffusion wave, featuring varying amounts of numerical diffusion (Cunge, 1969; Ponce, 2023).

Contrary to explicit schemes, implicit schemes have been favored in the past due to their perceived improved
stability properties, purportedly featuring what has often been referred to as "unconditional stability".
Experience, however, points otherwise. In a general sense, both explicit and implicit numerical schemes are
subject to issues of stability and convergence. An appropriate von Neumann analysis is recommended to
substantially improve numerical modeling practice (Ponce et al., 1978).

4. SUMMARY

In this paper we focus on the role of the Courant number in computational hydraulics, particularly in the
modeling of the pure convection problem. We throw a renewed light onto the properties of stability and
convergence of a class of popular explicit linear numerical schemes of the pure convection equation.
Both conditional and unconditional stability are shown to be possible with explicit schemes. In addition, the
existence of numerical diffusion, ostensibly due to the first-order errors of the numerical scheme, is shown to
affect the computation, rendering the solution grid-dependent and distinctively diffusive for all cases other

6 of 7 4/3/24,10:42 PM


https://ponce.sdsu.edu/cunge205.html
https://ponce.sdsu.edu/cunge205.html
https://ponce.sdsu.edu/cunge205.html
https://ponce.sdsu.edu/when_is_the_diffusion_wave_applicable.html
https://ponce.sdsu.edu/when_is_the_diffusion_wave_applicable.html
https://ponce.sdsu.edu/when_is_the_diffusion_wave_applicable.html
https://ponce.sdsu.edu/convergence_of_four_point_implicit_water_wave_models.html
https://ponce.sdsu.edu/convergence_of_four_point_implicit_water_wave_models.html
https://ponce.sdsu.edu/convergence_of_four_point_implicit_water_wave_models.html
https://ponce.sdsu.edu/convergence_of_four_point_implicit_water_wave_models.html
https://ponce.sdsu.edu/convergence_of_four_point_implicit_water_wave_models.html
https://ponce.sdsu.edu/convergence_of_four_point_implicit_water_wave_models.html

The Courant number, Computational Hydraulics, Victor M. Ponce https://ponce.sdsu.edu/courant_number.html

than Courant number C = 1. The classical von Neumann analysis is recommended to improve modeling
practice.
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